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1.
Recently, a new method has been proposed to calculate Feynman integrals of multi-loop diagrams w x w x perturbatively 1 . Together with the solution procedure for graphical recursion relations developed in Ref. 2 , this should ultimately lead to the completely automatized computer generation of perturbation expansions of field theories up to high orders. Such expansions are needed in all strongly coupled fluctuating field systems, for Ž w x example those describing the critical phenomena close to second-order phase transitions see Ref. 3 and w x. w x Addendum 4 . So far, expansions have been limited to seven loops only 5,6 , which are barely sufficient to w x w x yield critical exponents 7 with an accuracy comparable to experimental data 8 . w x In this Letter, we would like to show how the expansions proposed in Ref. 1 can be performed most efficiently, such that they can be carried out on a computer to high orders in a limited computer time.
2.
A basic Feynman integral with L loops, n internal lines, and E external momenta k , . . . ,k has the form
Ž . 
Ž .
k to be calculated perturbatively via a Taylor series expansions in powers of k.
It is the purpose of this Letter to point out that the simplest way to derive such an expansion is by rewriting each generalized propagator in the Schwinger parametric form
Ž . Then the integrals 2 take the form``D
Collecting the L loop momenta p and the E external momenta k in single vector symbols
and complete the squares to
with symmetric matrices M and M XX . After a shift p ™ p y M y1 M X k of integration variables, the p k integrations become Gaussian, and we obtaiǹ1
2 a y1 yt a y1 yt
Although the entries of the matrix M depend on the routing of the loop momenta through the different lines, the determinant of M is invariant under changes of the routing, except for trivial relabelings of the a . Ž . terms'' Ý j P p into the exponents of 2 and 3 , and appropriately differentiate the resulting k-expansion
with respect to j , which are set equal to zero at the end. 
3.
As a first example, take the exactly solvable one-loop integral
Ž . Ž .
Ž .
Its k-generalized version can be expressed in terms of a confluent hypergeometric function,
ay Dr2 
in powers of k, and performing the resulting integrals over t in Eq. 11 , we find Ž . directly the perturbation expansion for the loop integrals 12 in any dimension D:
8 a 24 a 128a 4p a Ž .
Ž . Ž . and we identify the line momenta as
